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Thermodynamic Description of MMFs
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Thermodynamic Description of MMFs

Rayleigh-Jeans:

< 𝐶𝑘
2 > =
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𝛽(𝜖𝑘 − 𝜇)
Mode Power

Eigenvalue

Eigenvalues Eigenvalues

Thermodynamic 
predictions match 

experiment!
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Relaxation Rates Γ

The 𝛼th mode relaxes like Γ𝛼=
4𝜋𝜒2

𝑛𝛼
σ𝛽𝛾𝛿

′ 𝑄𝛼𝛽𝛾𝛿
2

𝑛𝛽𝑛𝛾𝑛𝛿𝛿(𝜖𝛼 + 𝜖𝛽 − 𝜖𝛾 − 𝜖𝛿)

Nonlinear Strength
Four-Wave Overlap

Eigenvalue DistributionEquilibrium Mode Powers

𝑄𝛼𝛽𝛾𝛿 = 
𝑚 ∈

𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 
𝑠𝑖𝑡𝑒𝑠

𝑓𝛼
∗ 𝑚 𝑓𝛽

∗ 𝑚 𝑓𝛾 𝑚 𝑓𝛿(𝑚)

Assumptions:

• Weak nonlinearity

• Random Phase and Amplitude

• Localization lengths > lattice spacing

• No condensation
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Relaxation Rates Γ

The 𝛼th mode relaxes like Γ𝛼=
4𝜋𝜒2

𝑛𝛼
σ𝛽𝛾𝛿
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Relaxation Rates—Nonlinear Defects

For systems with a nonlinear defect, 

Assume Γ𝛼 ∝ 𝜒2𝐹𝛼 𝑇, 𝜇 × 𝑓𝛼 𝑚 2

Analysis of relaxation rates collapses to 

analysis of mode amplitude distributions

The 𝛼th mode relaxes like Γ𝛼=
4𝜋𝜒2

𝑛𝛼
σ𝛽𝛾𝛿

′ 𝑄𝛼𝛽𝛾𝛿
2

𝑛𝛽𝑛𝛾𝑛𝛿𝛿(𝜖𝛼 + 𝜖𝛽 − 𝜖𝛾 − 𝜖𝛿)

Nonlinear Strength
Four-Wave Overlap

Eigenvalue DistributionEquilibrium Mode Powers

𝑄𝛼𝛽𝛾𝛿 = 

𝑚

𝑓𝛼
∗ 𝑚 𝑓𝛽

∗ 𝑚 𝑓𝛾 𝑚 𝑓𝛿 𝑚 𝜹(𝒎 − 𝒎𝟎)
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Relaxation Rates—Nonlinear Defects

One-
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Quasi One-
Dimensional
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Relaxation Rates—Nonlinear Defects

One-
Dimensional

Quasi One-
Dimensional

Porter 
ThomasErgodic

Localized

Log-Normal

PT theory
     LN theory
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Relaxation Rates—Correlation-Based Analysis

Γ = Γ𝛼 𝛼 ≈
4𝜋𝜒2

𝑁

𝑇

𝜇

2



𝛼𝛽𝛾𝛿

′



𝑚

𝑓𝛼
∗ 𝑚 𝑓𝛽

∗ 𝑚 𝑓𝛾 𝑚 𝑓𝛿 𝑚

2

𝛿(𝜖𝛼 + 𝜖𝛽 − 𝜖𝛾 − 𝜖𝛿)

Nonlinear Strength Four-Wave Overlap

Eigenvalue 
DistributionEquilibrium Mode Powers

Correlation    𝒞𝑚 𝜔 = σ𝛼,𝛾 𝑓𝛼 𝑚 2 𝑓𝛾 𝑚
2

𝛿 𝜀𝛼 − 𝜀𝛾 − 𝜔

Γ/𝜒2 ≈ 4𝜋
𝑇

𝜇

2

×
1

𝑁


𝑚

නd𝜔 𝒞𝑚
2 𝜔

The relaxation rates again simplify to mode statistics!

Fluctuation-Dissipation 
Relation!
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Relaxation Rates—Correlation-Based Analysis

Network Topology 
(disorder, connectivity, etc.)

Mode-Mode Correlations

Relaxation Rates
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Multifractal Modes

Greece’s coastline has fractal dimension ≈ 1.25

The shorter you make your ruler,
 the more distance you measure!

Multifractal modes have… 

• Self-similarity 

• Anomalous scaling with system 

size

Space occupied by mode ~𝑁𝑑2 , 𝑑2 ∉ ℤ
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Correlations of Multifractal Modes

Fractal dimension ∼ 0.2 Fractal dimension ∼ 0.97

𝜀 = -0.0308

𝜀 = -0.0305

𝜀 = 0.1076

𝜀 = -.0943

𝜀 = -.0929

𝜀 = 0.1306

Position

Fractal modes 

have anomalous 

correlations
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Acceleration of Thermal Relaxation

Γ = 4𝜋
𝑇

𝜇

2

𝒞2

Correlations (theory)

GOE limit
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Acceleration of Thermal Relaxation

Extended Modes Localized ModesPhase Transition
MULTIFRACTAL

Ergodic Limit

Two order of magnitude 
enhancement around 

phase transition!
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Acceleration of Thermal Relaxation
𝒞𝑚 𝜔 = 

𝛼,𝛾

𝑓𝛼 𝑚 2 𝑓𝛾 𝑚
2

𝛿 𝜀𝛼 − 𝜀𝛾 − 𝜔
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Thank you!
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